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Chapter 5

Number Theory

FACTORING INTEGERPOLYNOMIALS

In this chapter we discuss the special properties of polynomials with integer or rational
coefficients with special attention given to factoring. Not only has this been studied
extensively over the last 400 years, but the theory is useful in many modern applications
such as coding theory.

5.1 Rational Polynomials and Algebraic Numbers

The set of rational numbers, which we denote(@yis the set of all fractiong: where

m, n are integers withh > 0. @ satisfies all the field axioms C1,C2, R1 - R8 and F1 of
§1.1 and so we call the set of rational numbefiell. The rational numbers also satisfy
01, 02, and O3 but not O4, but this will not be of much interest to us.

The set of polynomials with rational coefficients will be denofgid:] and satisfies
many algebraic properties similar to the real or complex polynomials. All the results
of §1.4, 1.5, 1.6 and 1.8 hold fa®[z], as do most of the results 1.7, especially
Theorems 1.5.1, 1.6.1, 1.6.2, 1.7.1, 1.7.2, 1.7.3, 1.8.2 and the Euclidean Algorithm
which all simply depend on the set of coefficients being a field. When we speak of
factoring a polynomial irQ[x] we mean for the factors also to be rational polynomials
in Q|x], thusp(x)| f(x) as polynomials irQ[x] means thaf (x) = p(x) * q(x) where
alsoq(z) € QJz]. Note that Theorem 1.7.1 applied €@z] then says thatz — ¢) is
a factor ofp(x) if and only if ¢ is arational root of p(x). Likewise the definitions of
irreducibleandprimerefer to factoring inQ[z|. Even with these restrictions, Theorems
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142 CHAPTER 5. NUMBER THEORY

1.9.3 and 1.9.4 still hold fo@[x], the proofs being exactly the same as in the real or
complex case. There are, however, no analogs of the remaining theoréi9 ahd
there are irreducible polynomials of all degreesnz]. We will more fully discuss
factorization inQ[x] in the next sections.

A complex number: is calledalgebraicif ¢ is a root of a polynomial with rational
coefficients. Thusg = —% + z‘/Tg is an algebraic number because it is a solution of
2> —1 = 0. Not all real or complex numbers are algebraic. For example numbers
such as andx are not. Numbers which are not algebraic are caltadscendental
Hermite first showed the transcendencezoh 1844 (an elementary, although long,
proof of the transcendence ofs given in the text by I.Hersteimopics in Algebraand
Lindemann showed the transcendence of 1882. One of Hilbert’s famous problems
was to decide which complex numbers are algebraic.

As there are uncountably many real and complex numbers the following result,
which follows from set theory and the fact that a given rational polynomial can have
only finitely many complex roots, says that “most” real or complex numbers are not
algebraic:

Theorem 5.1.1 The set of algebraic numbers is countable, i.e. can be putin a 1-1
correspondence with the positive integers.

Given an algebraic numberthere is, by definition, at least one rational polynomial
so thatc is a root. A monic rational polynomial of smallest degree whichd@sa root
is called theminimal polynomiafor c. For example it: = —1/2 + i\/3/2, cis a root
of 23 — 1 butz? + x + 1 is the minimal polynomial for.

Theorem 5.1.2 Letc be an algebraic number with minimal polynomigl). If f(z) €
Q|x] satisfiesf (c) = 0 thenp(z)|f(z) in Q[z].

Proof: By the division algorithmf(z) = p(z) * ¢(x) + r(x) wherer(x) is O or of
smaller degree thap(x). If r(z) is not O the fact that(c) = f(c) — p(c) *x q(c) = 0
contradictg(z) being the minimal polynomial.

There are a number of implications of Theorem 5.1.2. One is that the minimal poly-
nomial is unique. A second is that the minimal polynomial is irreducible and conversely
a monic irreducible polynomial(x) satisfyingp(c) = 0 must be the minimal polyno-
mial. Finally, Theorem 5.1.2 says that roots of rational polynomials come in clusters:
if f(z) € Q[x] andc is aroot of f(x) thenz is also a root off (x) for every rootz of
the minimal polynomiap(z) of c. A consequence of the fact that the minimal polyno-
mial is irreducible is that by Theorem 1.11.3 all the roots of a minimal polynomial are
distinct.
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Maple Implementation

Minimal polynomials of decimal approximations of a real number
can often be found by Maple. Essentially Maple finds an interpolat-
ing polynomial with integer coefficients satisfying the one condition
that p(c) = 0 using the lattice algorithm as described in section 2.15.
However, to make it easier they have a special routine which does
the work of setting up the equations for you, especially in the case
¢ is a complex number where real and imaginary parts need to be

separated.
In older versions of maple the procedure is minpoly in the
polytools  package, use with(polytools, minpoly); to ac-

cess this procedure. The command
minpoly(c,n);

gives the polynomial of degree n with “small” integer coefficients that
comes closest to satisfying p(c) = 0. Try several degrees to find the
correct polynomial. In later versions of Maple this is being replaced
by the procedure MinimalPolynomial in the PolynomialTools
package which does the same thing.

5.2 Integer Polynomials

In this chapter we are mainly interested in polynomials with integer coefficients. The
set of all such polynomials is denoted Wjz] where Z denotes the ring of integers
0,+1,£2,.... The ring Z itself is what we have called antegral domaini.e. Z
satisfies axioms C1, C2, R1-R8 and I1, but does not satisfy E1.af Subsequently

we do have polynomial addition and multiplication #{z] and Theorem 1.5.1 holds.
ThusZ|[z] also is an integral domain. But Theorem 1.6.1, the division algorithm, holds
only in the following limited sense, since it is understood that in working \#ith| we

can do only integer arithmetic:

Theorem 5.2.1 Given polynomialsf(x), g(z) € Z[x] with g(z) a monic polynomial
then there exist unique polynomials:), r(z) € Z|x] sothatf(z) = g(z)*q(z)+7r(z)
wherer(z) = 0 or degr(z) < deg g(x).

Theorem 5.2.1 is strong enough to prove analogs of Theorems 1.7.1, 1.7.2 and
1.7.3 however Theorem 1.8.2, the greatest common divisor theorem, does not hold
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in the given form. For example it can be seen that the polynonfial$ = z* and
g(z) = 2* — 3 have greatest common divisor 1, but there is no way to write

1 =u(z)* f(z) +v(x) * g(z)

whereu(x),v(z) € Z[x]. We will see that we have unique factorization and greatest
common divisors, but we will have to take a roundabout route.

When factoring, a special concern with integer polynomials is that the coefficients
themselves may need to be factored. The integers Harate the only integers which
have multiplicative inverses, we call theimits These units are ignored in factoring,
other integer coefficients (or constant polynomials) do have to be considered. We will
see that when working with integer polynomials, the concepjsiafeandirreducible
are different. We start out our consideration of factorization with the following idea.

Definition 5.2.2 Given an integer polynomigl(z) = ag + a1z + asx® + - - - + a, 2",
where eaclu; € Z, thecontentc; is the greatest common divisor by, a4, . .., a,},
I.e. £ the largest positive integer which divides all the If the content; is a unit, i.e.
+1, we sayf(z) is primitive.

The next theorem says we can extend the notion of content to rational polynomials.

Theorem 5.2.3 Any non-zero polynomiaf(xz) € Q[z] can be factored in the form
f(x) = cpf*(z) wherec; € Q and f*(x) is a primitive polynomial inZ[z]. c;, also
called thecontent off (x), and f*(x) are unique up to sign.

Proof: Let f(x) = ap+az+- - -+a,z™. The we can find a least common denominator
d for the fractionss;, i.e.a; = % wheregced{by, ..., b,,d} = 1. So takecy = < where
e =ged{by,...,by}andf*(z) =% + Uy 4 ... 4 lgn,

Theorem 5.2.4 (Gauss’ Lemma)The product of two primitive polynomials #|x] is
primitive.

Proof: Let f(z) = ap + a1z + -+ 4+ a,z™ andg(x) = by + byx + - - - + b,z and
assume both are primitive, in particular no prime integer divides all ffue all theb,.
Thus given any prime integer, there is a smallegtso thatp does not divide:; and a
smallestt so thatp does not divide,. A calculation of the coefficient;,; of 27k in
f(z)*g(z) shows thap does not divide;; ;. Since no prime divides all the coefficients
of the product, the product is primitive.

The next theorem allows us to reduce factoring problems of integer polynomials to
those of rational polynomials.
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Theorem 5.2.5Let f(z) € Z[z] and suppose i€ [z] f(x) factors asy(x) * h(z), i.e.
f(x) = g(x) * h(z) whereg(z), h(z) € Q[z]. Thenf(x) = (¢, * cn) * g*(z) * h*(x)
whereg*(x), h*(x) are primitive polynomials irZ[z] andc, * ¢, € Z.

Proof: By Gauss’ Lemma*(x) * h*(z) is primitive soc, x ¢, is the content of (z).

We can then deduce the unique factorization theorems and the greatest common
divisor theorems from this.

Theorem 5.2.6 Let f(z) € Z|x], then f(x) can be factored into a product of prime
integers and primitive irreducible polynomials of degeeel, and this factorization is
unique up to order of the factors and uifit1) multiples.

In particular theprime elements ofZ[z| are the prime integers and the primitive
irreducible polynomials of degree 1. For examplef(z) = 362% — 12x — 120 factors
asf(zr) =2x2%3x%(3z—5)* (x —2). The polynomiabxz — 12 would be irreducible,
but would not be prime. The number 3 is a prime eleme# of] but is not irreducible.

Theorem 5.2.7 Givenf(z), h(z) € Z[x] there exists a greatest common divisor in the
sense of Definition 1.8.1. In fact,gfx) is a greatest common divisor ®R[z] of f(x)
andh(z) theninZ[z] ged(f(x), h(x)) = ged(cy, en) * g*(2).

5.3 Rational roots and factors

We start out with several simple theorems:

Theorem 5.3.1Let f(x) = ag + a1z + - - - + a,2™ be a polynomial with integer coef-
ficients,a,, # 0. Then ifg(x) = by + byx + - - - + b,2™ € Z[z] is a factor of f(z) it
must be thabg|ao andb,,|a,,.

Proof: Use the formula for multiplication.

Theorem 5.3.2Let f(z) = ap + a1z + - - - + a,a™ € Z[z], a,, # 0, then the rational
monic polynomialg(z) = by + byz + --- + z,, is a factor of f(x) in Q[z] only if
by = ¢/d wherec,d € Z andc|ay andd|a,, in fact, the least common multiple of all
the denominators of thig (assuming all are in lowest terms) must divide
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Proof: gx* () = e g(z) = (5)c+ ebix + --- + ex™ wheree is the least common
multiple of the denominators of thig (assuming in lowest terms) since the polynomial
g(x) is monic. Note is an integer. By 5.2.5%(x) divides f(x), so 5.3.1 says thata,,
and$c dividesao and hence dividesay.

Theorem 5.3.3Let f(z) = ap + a1z + - - - + a,a™ € Z[z] with a,, # 0. Any rational
root is of the forn:/d wherec, d € Z andc|ay, d|a,,.

Proof: Apply 5.3.2, recalling that/d is a root if and only ifx — < is a factor.

For example, the polynomiaf(z) = 102® — 5z + 12 can have the possible ra-
tional roots +1,+2, +3, 44, +6,+12, +1/2, +3/2,+1/5,4+2/5, £3/5,+4/5, +6/5,
+12/5, £1/10,£3/10 but in fact has none of them. Theorem 5.3.3 is widely overused
as a method for finding roots to polynomials. This theorem should be used directly
only when bothay, a,, are£1 or one ist+1 and the other is a prime number. In this
case there are only a small number of possibilities. This theorem can be used after ap-
proximate roots have been found by calculator or computer. Then one can easily check
and see if any of the roots are actually rational. In the example above the one real root
is approximately—1.218523, which is clearly not one of the possible rational roots. It
would have been a real waste of time to check each of the 32 possibilities.

While the previous two theorems are overused for finding linear factors, it is not
widely known that they can be used effectively to find rational quadratic factors. If
f(z) = ap+ a1z + - - - + a,x™, @a monic rational quadratic factor @gfz) will be of the
form

(z) = 2% + él‘ + 2

P =TT
wherec|ag andd|a,. If z1, 2z, . . ., z, are the complex roots ¢f(x) (listed according to
multiplicity) then two of them, say;, z; will be roots of the quadratic factar(x). But
thenz; * z;, = ¢/d andz; + z, = —b/d so one can fairly quickly check to see which
pairs of roots can give rational factors. In particularz,ifis an imaginary root it can
only pair up with its conjugate and in this caser z; = |2;|, z; + z; = 2Re(z;). The
real roots can pair up in any way.

Example 5.3.4 Considerf(z) = 3x° — 122* + 162% — 1222 + 3z + 6. One finds, say
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by ones TI-85 calculator, that the approximate roots are

z1 = .37004 + 1.091123:
z9 = .37004 —1.0911231
z3 = 2.259921
zg = 1.457426
zs = —.457426

For two rootsz;, z, to pair up to give a quadratic factor we must hayez, = —b/d
whered = 1 or 3 andz; * z;, = ¢/d whered = 1 or 3 andc = £1,£2, £3, or +£6.
But 2Re(z;) = .74008 which is not of this form sa;, z; can be eliminated. Likewise
23 + 24 = 3.717347 and z3 + z5 = 1.802494 so these pairs are not possible. But
24+ z5 = .999999 is close enough to 1 to consider and z; = —.666666 is also close
to the allowable 2/3. Thug(z) = 2*> — x — 2/3, or g*(x) = 32* — 3z — 2 are likely
quadratic factors of (x). By division we check that these are indeed factors.

In theory one can also use Theorem 5.3.2 to look for cubic factors etc. however the
number of combinations that may need to be checked is too large to be practical.

5.4 Eisenstein’s Irreducibility Criterion

It would be nice to have a test for irreducible integer polynomials, but there is no simple
general test. We will discuss some other tests later in the chapter but for now we
mention one test that sometimes works.

Theorem 5.4.1 (Eisenstein’s Irreducibility Criterion) Let f(z) = ag + ajz + -+ - +
a,r, € Z[x] and p be a prime number. Ip does not divide:,, but p does divide
Un_1,0n_2, - - -, ao andp® does not divide, then f(x) is irreducible in Z[z].

Proof: Let f(x) satisfy Eisenstein’s criterion and suppgde) = g(x) * h(x) where
g(z),h(z) € Z[x],g(x) = by + byx + - - + bpx™ andh(x) = co + 1@ + - - + cpat.
Now a, = byco is not divisible byp? so one ofyy, ¢, is not divisible byp, sayb,. But
thenc, is divisible byp, so pick the smallest indexsuch that:, is not divisible byp
(c, cannot be divisible by sincea,, is not). Them, = byc, + bic,_1 + - - - + b,co. But
every term on the right is divisible by except the first terndyc, and hence the right
hand side is not divisible by. Thena,. is not divisible byp sor = n sodegh(z) = n
and this say¥(x) is irreducible.
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For example, Eisenstein’s Criterion proves that the polynomial 6x + 3 (of
§4.10) is irreducible oveZ [z], and hence also ovép|x].

Even though Eisenstein’s criterion may not be directly applicable to some polyno-
mials, it may still be used after a change of variables as the following easy theorem
shows.

Theorem 5.4.2 Let f(x) be a rational or integer polynomial. Let(z) = by + by (z —
c) + -+ by(xr — ¢)". Thenf(z) is irreducible (overZ|z] or Q]z]) if and only if

Example 5.4.3 Considerf(z) = z* + 2® + 22 + = + 1. This certainly does not satisfy
Eisenstein’s criterion, however expanding about 1 givesf(z) = (z — 1)* + 5(z —
1)*+10(z—1)2+10(z — 1) +5. Buty*+5y*+ 10y + 10y + 5 does satisfy Eisenstein’s
criterion forp = 5.

5.5 Hand Factoring Methods

In principle, integer polynomials can be factored in a finite number of steps. For ex-
ample, the following theorem, which we state without proof, says that there are only
finitely many possible factors and we could, in theory, try them all.

Theorem 5.5.1Let f(z) = ag + a1x + - - - + a,2" be an integer polynomial. Let
g(x) = bo+ bz + -+ bya™ be afactor off (z). LetL = \/a2 + a? + ... + a2. Then

bj| < C(m,j)L whereC(m,j) = W*LJI)'J' is the binomial coefficient.

Of course this bound can be quite large in practice. There are some slightly better
methods, which are still impractical. For instance the method used in the last section
for finding quadratic factors can be used for higher degree factors. We mention another
method, attributed to Newton, only as an example of something that shotibe tried.

To find a factor of degreé, pick d + 1 distinct integersey, 1, . . ., z4 and calculate
f(z;) =y; forj =0,...,d. Sincef(x) is an integer polynomial eacfy will be an
integer. Now ifg(x) € Z|x] is a factor of f(x) theng(x;)|y; for eachj. Thus every

possible factory(x) of degreed can be obtained by taking factotsg, u,, . .., uq Of
Y0, Y1, - - - » Yq @nd using Lagrange interpolation to constrget) so thatg(z;) = u, for
eachy.

We now suggest a strategy for factoring integer polynomials of small degrees which
will certainly work for polynomials of degree 5 or less. This requires having a TI-
85 or equivalent calculator which can find complex roots or an appropriate computer
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program. It is interesting to note that whereas in high school factoring is taught as a
method for finding roots, in real life it is usually done the other way around.

LET f(x) BE OUR POLYNOMIAL, deg f(x) = n.

1. FIND THE CONTENT OFf(x), I.E. THE GCD OF ITS COEFFICIENTS FACTOR
THIS OUT.

2. CHECK TO SEE IF THERE IS A PRIME FOR WHICHEISENSTEIN S CRITERION
IS SATISFIED, I.E. CHECK THE PRIME FACTORS OFgy. IF SO f(x) IS IRRE-
DUCIBLE AND YOU ARE DONE.

3. FIND APPROXIMATE REAL ROOTS FOR THE POLYNOMIAL AND CHECK AND
SEE IF ANY OF THE ROOTS ARE RATIONAL IF SO YOU HAVE A LINEAR FAC-
TOR, WHICH CAN BE DIVIDED OUT TO GET A POLYNOMIAL OF SMALLER
DEGREE IF NOT, f(x) IS IRREDUCIBLE IFn < 3, GO TO NEXT STEP IFn > 3.

4. FIND ALL ROOTS OF THE POLYNOMIAL AND USE THE METHOD GIVEN FOI-
LOWING THEOREM5.3.3TO LOOK FOR QUADRATIC FACTORS DIVIDE OUT
ANY QUADRATIC FACTORS FOUND. |IF NO QUADRATIC FACTORS OR LINEAR
FACTORS HAVE BEEN FOUND ANDn < 5 THEN f(z) IS IRREDUCIBLE.

Example 5.5.2Let f(x) = 2° + 2 + 2% + = + 2. f(z) is primitive andf(x) does not
satisfy Eisenstein’s criterion fgr = 2, the only prime factor ofi, SO we go to step 3.
Possible rational roots arel, +2 but the only real root is-1.521380. The imaginary

roots are.760690 + .857874 and —.5 + .866025i. The first conjugate pair does not
give a rational factor but it is easily seen that the second conjugate pair are approximate
roots ofz? + z + 1 which is a factor. Dividing this out gives the other facidr— x + 2.

Since we have already determined tifét:) has no linear factors this cubic must be
irreducible. Thus the factorization ¢fz) = (22 +z + 1) * (2% — 2 + 2).

Exercise 5.5.1(10 points each) Factor or prove irreducible using the methods of this
section.

1. 25+ 2823 + 1422 — 21z + 35
2. 2t 23 A + 4+ 7
3. 1622* + 45923 + 8122 — 3122 — 140

4. 22° + 52 — 22% — 322 + 3 — 2
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If the method above does not work, say the degree is greater than 5, there are good
factoring algorithms implemented in software such as MAPLE or MATHEMATICA.
These will be briefly discussed in the next section.

A Comment on Integer Factoring in Elementary Mathematias that

we have studied factoring ovef|x] and understand the difference between that and
factoring overR|[z| we might ask what should be role of factoring integer polynomials
in math classes from algebra through calculus? It is integer factoring that is taught in
high school algebra classes and this topic is often emphasized. Is this worthwhile?

In the opinion of your author, the answer is a qualified NO. Most uses of integer
factoring in elementary mathematics are inappropriate, inefficient or both.

By inappropriate | mean that factoring i[z] is used in situations that call for
factoring in R[z] , or equivalently, root finding. By inefficient | mean that there are
better algorithms for accomplishing the same thing.

Lets look at some of the applications of factoring in elementary math. The one that
comes most readily is factoring to solve polynomial equations. Here integer factoring is
both inappropriate and inefficient. Basically using integer factoring to solve equations
is equivalent to guessing. There is nothing wrong with solving problems by guessing,
but then why go to the trouble of mentioning factoring? In addition, as we showed
in the example immediately after Theorem 5.3.3 this can be terribly inefficient. And
of course, there is no reason to expect that typical problems give rational solutions.
Besides, there are efficient methods for solving polynomial equations numerically, and
in the case of quadratics a simple formula.

Here is a problem which is typical of an elementary algebra text which illustrates
why | don't like factoring. A rectangle has length 3 inches greater than the width and
area 40 square inches. Find the lengthwe let = be the length then the width is— 3
so we have the equation

x(z —3) =40

Some re-arrangement gives the quadratic equation in standard form
22 —3x —40=0

We can solve this by factoring, since the sign of the constant is negative we need two
numbers whose product is 40 and difference is 3. But if we know two numbers whose
product was 40 and difference was 3 we could have solved original problem immedi-
ately without doing any algebra at all. What have we taught the students? That algebra
is useless?

Hopefully not. If the problem is changed just slightly, say the area of the rectangle is
50 sg. in. we now have a problem that requires the algebra to solve. But, of course, this
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problem cannot be solved by factoringZiz]. My contention is that by concentrating
on problems that can be solved by factoring we lose the point of algebra.

Another problem that uses factoring is analyzing polynomial (usually quadratic)
inequalities. But again factoring ovef|x] is inappropriate since we really want to
factor overR|z]. That is, we want to find the roots. The intermediate value theorem
says the sign of the values of a polynomial function change only at the roots. Thus
this problem should be approached by finding real roots and testing a point between the
roots. This is a root finding, not a factoring problem.

What about integrating rational functions by partial fractions decomposition? Cer-
tainly this requires factoring. But the point of D’Alembert’s Theorem is that this is
factoring overR|x]. Besides, with numerical algorithms for integrating on our calcu-
lators, and computer algebra integrating routines, who integrates messy functions by
hand anymore anyway?

But, you say, how can one simplify a rational expression such as

22+x—6
2 +4x+3

without factoring? Well, how about subtracting the numerator from the denominator?
You get3z + 9 which is 3 times the common fact@t + 3). A coincidence? Not really.
The common factor of numerator and denominator is the greatest common divisor of
them. Finding gcd’s is much simpler than factoring, usually.

The above being said, factoring #1z| is an interesting problem, part of the culture
of mathematics, and probably helps students learn facility with algebraic computations.
It would be wrong to ban it from the curriculum. But on the other hand we should not
overemphasize it either as a skill or a problem solving tool.

5.6 Computer Factoring

The problem of computer factoring integer polynomials, and polynomials with coeffi-
cients in certain more complicated integral domains, is of interest to number theorists
and computer scientists. As a result algorithms have been developed.

A fairly simple way to factor integer polynomials, but not the most efficient, is, asin
hand factorization, to find a root, preferably imaginary, and then look for the minimimal
polynomial which will be an irreducible factor. One can use, for example, the Maple
procedures described §%.1 to look for minimal polynomials of degrees less than the
original polynomial and then use the division algorithm to check that the polynomials
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given are actually factors. This will usually work well, but in some cases not, so failure
by this method is not conclusive proof that the original polynomial is irreducible.

Most computer methods, however, first factor over fields of modular arithmetic. The
mod functionr = b mod m finds the remainder when integeb is divided by positive
integerm using the division algorithm for integers. If one fixes a prime numiiien
addition and multiplication can be defined on theZgt= {0,1,2,...,p — 1} by

a+b=(a+b)modp
a*b = (ab) mod p

The resulting algebraic system actually satisfies the field axioms of section 1.1.
There are some technical details that must be dealt with, for example polynomials can-
not be viewed as functions, but basically the riigx] behaves similarly to the ring of
polynomials over any field we have studied, including a unique factorization theorem.
A more thorough discussion of this is contained in earlier versions of these notes, which
may still be available from my website.

In Z,[x] factorization is a finite process that can be done efficiently by computer.
The two main algorithms used are the distinct-degree algorithm and Berlekamp’s al-
gorithm. The distinct degree algorithm, discussed in earlier editions of these notes,
uses the somewhat bizarre fact, not proved in the notes, that the polyndialz
has every irreducible polynomial of degréeas a factor. Thus, in principle, all one
needs to do is take the greatest common divisor of the polynomial of degree n to be
factored with these polynomials fdr< n/2. The actual algorithm uses other strange
facts about modular polynomials to make this efficient. Berlekamp’s algorithm is more
complicated, using linear algebra as well as number theory. Berlekamp’s algorithm is
usually reserved for the case wheris large and the polynomial has few factors.

Maple Implementation |

Maple implements both the distinct-degree and Berlekamp’s al-
gorithm. Enter a polynomial f with variable x, in the usual manner,
but with integer coefficients, select a prime p and then use

DistDeg(f,x) mod p;
or
Berlekamp(f,x) mod p;

Note that DistDeg will return pairs [¢,d] where ¢ is a not-
necessarily irreducible factor which is a product of irreducibles of
degree d. Berlekamp will attempt to return a complete factorization.
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One use of factoring oveZ,[z] is that one can often obtain proofs that a given
polynomial inZ[z] is irreducible. For example if is irreducible inZ ,[x] for some then
it must have already been irreducible Zjx]. The converse is not true, but by trying
various prime% one can find a suitable one or argue indirectly if the factorizations over
differentp are incompatible.

Maple, and other factoring software, use information gathered from factorization
over Z,[x] to give clues on factoring i [z]. For example, Maple uses distinct-degree
factorization as part of itlactor ~ algorithm. In general Maple is successful at factor-
ing most “reasonable” integer polynomials.

Maple Implementation

To factor an integer or rational polynomial simply use
factor(f)

Note that you do not specify the variable as Maple will factor
anything in sight, separating, if possible, the different variables.

5.7 Comparison of factoring algorithms

As mentioned in52.2 the two concerns we have about algorithms are accuracy and
efficiency. For factoring, accuracy is not a concern — one can test supposed factors
and they work or don’'t work. Efficiency is a concern in factoring. For both integers
and polynomials there are simple algorithms that will work, the problem is to find
algorithms that work quickly.

For example, in factoring an integéf one procedure, we will call this "straight
factoring” is to divideN first by 2 and then by each odd integef, 7,9, . .. up tov/N
looking for factors. With a computer or programmable calculator this is as quick as
almost any algorithm for small integers, say integers less than 1,000,000. However for
each two digits added t& the time taken will be multiplied by/100 = 10. Thus if
our computer takes 5 seconds to factor a 6 digit number by the straight factor method it
will take 100 years to factor a 30 digit number by this method! We want an algorithm
which will give us an answer today, not 100 years from today.

In calculating the time to be taken by a factoring method we use as the “size” of
an integer its number of digits. For a polynomial with integer coefficients we use the
degree and the number of digits in the coefficients. Since it takes longer to add, multiply
and divide longer integers, this has to be considered in calculating the efficiency. The
efficiency, orcomplexityof an algorithm will then be a function of its size.
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In calcuating the efficiency of an algorithm we generally ignore constant multiples
or constants added. For instance, it makes little difference to us if it takes 100 years or
200 years to factor our 30 digit number — in either case we won't be alive to see the
results. Besides it is always possible to obtain a computer which operates twice as fast,
or, as is often done, to use many computers. Thus we make the following definition.

Let r, s be real valued functions defined on the non- negative intégeérs, ...

r is said to beO(s) (readbig Oh of s) if there exist constants and M so that for
alln > k,r(n) < Ms(n). For further discussion of this idea, see almost any text on
discrete mathematics or theory of algorithms.

It is not hard to see that if(n) is a polynomial in n of degreé thenr is O(n?).

Any algorithm that has a complexity @#(n¢) for somed is called apolynomial time
algorithm and a problem with a polynomial time algorithm is caliettable For ex-
ample, the straight factor algorithm has complexit§i0~/2) which is not polynomial

time. A tractable algorithm is considered acceptable by people who worry about speed
of algorithms.

It is still an important open question in mathematics as to whether there is an al-
gorithm for factoring integers in polynomial time. There are algorithms far better than
straight factor, but it still takes 1 month to factor a 100 digit number. It is widely
suspected that the problem of factoring integerstisctible.

Factoring polynomials is a different story. In 1984, Lenstra, Lenstra and Lovasz
discovered that by factoring ovef, for suitablep using Berlekamps algorithm, by
applying something called Hensel Lifting to get a factorization over the Zyge, for
suitablee, and finally applying the Basis Reduction algorithm discussed above to get a
factorization ovetrZ[z| then one can factor polynomials in tinign'° + Mn®) where
M is a function of the size of the coefficients ands the degree of the polynomial.

In particular, the problem of factoring polynomials is tractable. The article by Susan
Landau is slightly out of date but a good survey article on this subject. Thus it appears
to us today that factoring polynomials is a considerably easier problem than factoring
integers!

Example 5.7.1 Would you rather factor the integer 1945448129 or the polynondial
89454z + 19454481297 1 would pick the latter, for using even an ordinary calculator |
could easily get an approximate root by the quadratic formula. (Hint: if your calculator
only is accurate to, say, 8 digits, use the transformatimy = = to get1000000y> —
89454000y + 1945448129 = 0 and divide by 1000000 to get the easily solved quadratic
y? — 89.454y + 1945.448 = 0. Multiply the answer by 1000 to get) If this quadratic
factors overZ|z] it has an integer root which | could find by rounding my approximate
root and then | could easily factor the quadratic. On the other hand factoring this 11
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digit integer directly would not be easy (try it!). For example, straight factor on my
TI-85 took over 23 minutes. The point is, of course, that the coefficient iof the
quadratic gives me enough extra information to make my job much easier.



